The first section of this paper contains a comparison of Sir C. V. Raman's explanation of the diffuse scattering with the so-called 'thermal' theory. It is shown that Raman's demand of a theory based on quantum principles is satisfied by the modern forms of the thermal theory. The second part of the paper deals with the relation of the dynamical matrix (describing the mech anical properties of the lattice) and the scattering matrix (describing the scattering power). In the last section the influence of the ordinary Raman effect (mutual deformation of atoms) on the scattering is derived.
I ntroduction
As pointed out in P art I (Born & Sarginson 1941) , the background scattering of X-rays is of fundamental importance for the kinetic theory of crystals, as it provides a method for determining, at least in principle, the dynamical properties of a lattice not in bulk (as the integrals representing specific heat and other such thermal properties) but in detail. This holds, of course, only if the experimental facts can really be explained by the thermal theory. There is a great amount of new experimental material, in the first instance con tained in the article by Lonsdale & Smith (1941a) published simultaneously with our Part I; their results seem to be in qualitative agreement with the thermal hypothesis. But Raman (1941) , whose striking observations of the , problem have contributed so much to the experimental side, rejects the thermal theory and insists on his own suggestion of a new quantum effect*. The purpose of the present paper is a double one: I wish to remove the discrepancy of opinion by showing th at it rests on a misunderstanding: Raman's demand th at the explanation should be based on quantum prin ciples is perfectly correct, but such a theory exists in fact and is nothing else than the modern form of the so-called 'therm al' theory which Raman rejects. In the rest of the paper I shall supplement the theory by a detailed consideration of the relation between crystal dynamics and scattering.
Ram an's objections to the ' thermal ' theory are partly based on experi mental and partly on theoretical arguments. The experimental objections are due to the unfortunate fact th a t Ram an has paid much attention to the behaviour of diamond, which cannot be called a 'norm al' substance. As this point has been cleared up by Lonsdale & Smith (19416) , I shall restrict myself to a short remark: according to the investigations of Robertson, Fox & Martin (1934) there exist two types of diamond; the ordinary kind, type I, shows in its optical and electrical behaviour distinct traces of internal stress, while the rarer type II is abetter approximation to an ideal lattice. According to Lonsdale & Smith, crystals of type I show anomalous types of extra spots which are essentially independent of temperature and presumably due to internal stress, while crystals of type II scatter in the normal way as expected on account of the thermal theory. The Indian investigators have apparently used crystals of the ordinary type I, in those orientations where the thermal spots are liable to be obscured by the stronger anomalous spots.
But R am an's main arguments are of a theoretical kind, as explained in a new paper by Ram an & Nilakantan (1941) . They m aintain th a t the thermal agitation produces a rather uniform distribution of scattering power in the ' phase space ', and they infer th a t this cannot give rise to the comparatively sharp maxima of intensity which they observe. Further, they remark 'th a t the intensity of the scattering in any specified direction being proportional to N (number of particles), its intensity would be quite negligible in relation to the intensity of the classical reflexion which is proportional to A 2'. Both these statements are incorrect as shown by the formulae derived in P a rt I. The background scattering power in the phase space is highly concentrated around the points of the reciprocal lattice (it has in fact an infinity in these points for the ideal case, namely, for exactly parallel X-rays [plane waves] and for a scattering domain large compared with the cell) and both Laue and background scattering are proportional to N * Though these objections of Ram an & N ilakantan to the therm al theory are not valid, it is necessary to consider carefully their own suggestion of a new quantum effect. I t seems to me th a t the dispute arises from the fact th at the relevant papers on the thermal effect (Debye, Faxen, Waller) were written before the development of quantum mechanics. They are using quasi-classical language as in Bohr's quantum theory, and they assume th at the frequency of the scattered X-rays is the same as th a t of the incident beam. This point has been corrected by v. Laue (1926) in a paper which Ram an & Nilakantan quote as being 'the nearest approach to our point of view': but they have overlooked th at Laue explicitly states th a t his im provement involves no alteration whatever in W aller's and Faxen's results. This is in fact to be expected; for Laue's modification consists in taking account of the Doppler effect produced by the reflexion of the X-rays by the moving elastic waves, an effect which must be extremely small because of the smallness of the elastic quanta compared with the X-ray quanta. There are several more modern papers which systematically use wave mechanics. The most elaborate and rigorous of these is th a t of O tt (1935), who considers not only the vibrations of the lattice but also the electronic excitations of the atoms. Simpler methods are worked out by Zachariasen, Jauncey, and others (quoted in P art I), but they are all lacking in rigour at a deciding point. Our own work (Part I) was intended to improve this point and to work out the consequences of the theory in detail, which has in dependently been done also by Zachariasen (1941) .
All these papers consider the scattering in exactly the same way as Raman & Nilakantan, namely, as a quantum interaction of the X-ray photons with the elastic quanta of the crystal lattices. They arrive, however, at the same formulae as the quasi-classical work of Waller and Faxen. I shall try to explain in § 1 of this paper why R am an's theory, though in the right direction, is not complete, as it considers only a part, in fact a rather small part, of the possible quantum interactions of X-ray and elastic waves. A complete consideration of all these quantum effects leads inevitably to the 'therm al' scattering formula.
In § § 2 and 3 I shall treat the intimate relation between background scat tering and crystal dynamics, and in the last section the modifications of the theory if mutual deformations of the atoms (Raman effect proper) are taken into account . I .
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I. Quantum theory of scattering
Raman & Nilakantan have given only very short and qualitative descrip tions of their theory*. I quote a sentence from their article in Current Science (1941): 'Basing ourselves on the accepted principles of the quantum theory of radiation, we showed th at the lattice planes in a crystal should be capable of giving two kinds of geometric reflexion of X-rays; besides the classical or Laue reflexions, modified or quantum reflexions are also possible which have their origin in the quantum-mechanical excitation of the optical vibrations of the crystal lattice. ' In order to compare this assumption with the 'therm al' theory, it is * See footnote on p. 397.
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necessary to interpret it in terms of the general scattering law of quantum mechanics which holds for any system carrying electric charges. Let v be the frequency of the incident light, E2, ..., Er, the energy levels of the scattering system, r and s two states, r being not lower than s (Er^E s), vrs = (Er-Ea)/h the corresponding frequency, the m element of the electric moment of the system induced by the field of the incident wave.
Then these two states give rise to two scattered waves (which in the case Er = Es coincide), a 'norm al' wave (N) with decreased frequency v -vrs (the system is lifted from the lower state s to the higher state r) and an 'anti-Stokes' wave (^4) with increased frequency vrs (the system falls from the higher state r down to the lower one s). The intensities are (neg lecting polarization effects)
12
The last (Boltzmann) factors account for the numbers of the atoms in the initial state. can be expressed in terms of the electric field of the incident wave S' and of the electric moment ^ of the unperturbed system, with the help of the generalized dispersion formula
the summation ke xtended over all (virtual) states of the system. In fo the matrix elements the retardation of the waves, on their way from the source to the different parts of the system and from there to the point of observation, have to be taken into account. If the states r and s coincide one has the ordinary dispersion formula which gives rise to coherent scat tering (without change of frequency). These formulae are completely general and must contain all possible scattering effects. Theories of a special phenomenon can only differ by the kind of approximation used. This depends mainly on the spacing of the energy levels of the system. Consider now R am an's suggestion from this standpoint. For this purpose, a figure representing the energy levels of a crystal is drawn. There are electronic excitations possible, and as the X-ray quantum hv is large com pared with most of these levels they will be excited; they give rise to excita tion waves ('excitons') and have been mentioned in our P a rt I, but as Ram an does not consider them it will not be necessary here either. The energy spectrum consists then of the vibrational levels, and these form, for crystals with more than one atom in the cell, several groups: the acoustical branches ranging from E -0 upwards to a certain maximum, and the optic branches, separated from the acoustical ones by a finite (but generally small) gap. R am an's assumption means th a t the background scattering is due to transitions from the ground level to the levels of the optical branches, as indicated in figure 2.
I t is obvious th at these transitions must occur. If they were the only ones excited by the incident X-ray the scattered intensity would be rigorously independent of temperature. I do not think th a t this assumption is made by Ram an & Nilakantan, as they themselves have studied the temperature dependence of the new spots.
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As a m atter of fact, the probability of finding the crystal in the ground state a t any finite temperature is extremely small. There is always a thermal excitation not only of all the levels of the acoustical branches, but also in a lesser degree of the optical branches. Hence the possible transitions will start from any of the vibrational levels, as indicated in figure 3 , with a prob ability given by the product of | |2 with the corresponding Boltzmann factor. Now in the expression (1*2) for the summation over k extends over all virtual states (electronic transitions included), therefore its value is finite for all vibrational transitions (not only for | -| = 0, ± 2 as it would be for purely vibrational levels), and | | can be replaced, according to Placzek, by the (/\s)-matrix element of aS', where a is the polarizability of the system. Ram an's transitions (figure 2), one of which is marked in figure 3 by an arrow, are only a small portion of the whole set. They are indeed those for which the energy of the lattice waves is completely taken from th a t of the incident X-ray. B ut all the other scattering transitions are at least of the same weight for the result.
The total scattered intensity is obtained by adding all normal and antiiStokes intensities, given by (IT) for any pair of levels of the vibrational spectrum, irrespective of the branch. This can be w ritten as a double sum over r, s namely,
Here the vibrational frequencies vrs are neglected compared with the v of the incident ray, and the factor (^± tgs)4~ r4 is combined with other factors (representing the scattering by a free electron) into the coefficient f(r,s) represents the polarizability in terms of th at of a free electron.
This formula (1*3) is strictly based on quantum theory; it contains Laue scattering and background scattering as well, as has been shown in P art I. But it must be adm itted th a t this root of the ' therm al ' theory is not easily recognizable in earlier publications and may be misunderstood.
In order to work out the m atrix elements for a spatially extended system (molecule, crystal) the retardations of the incident and scattered waves have to be taken into account. This leads to formula (1*2), P art I,
where the sum is extended over all atoms. This expression depends on the vibrations in virtue of the thermal displacements ufc; these appear explicit ly in tHe exponent, but also as arguments of the atomic scattering factors f k. if the Raman effect is taken into account; for this means th a t the polariz ability of each atom is influenced by the instantaneous positions of the other atoms, in first approximation linearly:
This effect was neglected in P a rt 1, but will be discussed in §4 of this paper.
The discussion of (1*4) leads automatically to the Lane formula as first approximation and an additional background term as second approxi mation. 1 shall discuss now in a simple way one of the points mentioned in the introduction which are used by Raman & Nilakantan as objections against the thermal theory.
If the displacements ufc of the atoms are expressed in terms of the normal co-ordinates £, the sum in (1-4) consists of terms each of which is a product oi factors of the form e1 , where /i is the scalar product of normalized eigen vector of the vibrations. One has therefore to calculate the matrix element (e?^)rs. for the transitions of the oscillator £, and then the therm al average indicated in (1*3); it has been shown by O tt th a t this can (and must) be done rigorously, and I have given a new derivation of O tt's formula in the Appendix of P art I. The result is mean (e*/*) = e = ho){^ + efmlkT_^ = ~ cotli , (1*6) where e is the average energy of a linear oscillator, a function of the fre quency 0) which itself is a function of the wave vector of the elastic waves. Now the background scattering is essentially given by
function which has a maximum for o j = 0, and behaves, in some distance from this point, as \y 2ejco2. This shows th a t the scattering power is not due to the optical branches (as Raman & Nilakantan suggest), as for these a> does not approach 0, but to the acoustical branches, where a>->0 for the points of the reciprocal lattice; hence there is a strong condensation of scattering power in the neighbourhood of the Laue spots which may produce relatively sharp maxima of the background (see Introduction).
The optical branches have, as is well known from the diatomic linear lattice, minima of oj in the middle of the reciprocal cell; it may therefore happen th a t weak background spots of another type exist which are just intermediate between Laue spots. But I do not know whether the experi ments indicate the existence of such maxima.
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D ynamical tensor and scattering tensor
In order to abbreviate the writing of dynamical formulae, the following notation is adopted: If k = 1, 2 ,..., si s the ba different simple lattices which compose the lattice of a crystal, then we write instead of the combinations The formula I (2*7) can now be written 5) and this quantity represents the dynamical tensor for a wave with wave vector q(qv q2, qz), i.e. for a point in the reciprocal (or phase) space. The linear equations for harmonic waves I (2-6) can now be written(
where ej(q) is a column vector (components ej a(q), cl -1, 2, 3s). Now there is a well-known algebraical theorem (see Appendix I) according to which one has for all positive or negative integers = (2-7) i where ef% ) means the conjugate transposed of ej(q), a row vector; or explicitly
S < ( g ) c i( ? ) e |i( ?) = [B"(g ) V (2-7o)
2) is a function of oj2 which can be expanded in (positive or negative) powers of (o2, /(« 2) -n (2-8)
one has £/(«!(?)) e'(? )e % ) =f(D(q)). i (2-9)
The formula for the background scattering I (2*41) can now be w ritten in the following form:
-Y f l r t h ¥ i ' 11 = M "
(2-14)
<?" = ( K -K ') .a " (a = 1, 2, 3).
(2-15)
X The factor mk of atf, I (2-6), is wrong.
Solving the last equation with respect to K -K' it follows th a t K -K ' = v 6 a £ a = Q, (2-16)
CL (K -K -).r * = S/2<?« = (r*-Q), /S = b . . r t . (2-17)
CL
This shows th a t all quantities occurring in are functions of Qa which by (2*15) can be expressed in terms of the wave vectors of the incident and scattered wave. We can therefore write ^ as a function of the wave vector qa of the elastic wave with the additional condition th a t qa has everywhere to be replaced by (K -K ') . aa, or th a t the conservation law for momentum = (K -K '). a a (2-18) is fulfilled. Now (2*12) can be written in the form
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where, according to (2-16), qx = g'16la. + g'262a. + g,36^,...; and (2*10) in the form rt*
Introducing the notation (2*1) for the indices ( ) and writing
where
is the element of the scattering tensor 8 {q). The formula (2*9) can now be applied to obtain «(«) = 'HIM)) = §£-*(<?> <*>th .
<2-22)
a relation which permits the calculation of the scattering tensor directly from the dynamical tensor, without solving the dynamical problem, i.e. without determining (Oj(q) and e{(q).
Using the well-known expansion t f o o t h t f -! -£ ( -! where
Bn are the Bernoullian numbers, then
This remarkable formula is not new, but already contained in W aller's brilliant dissertation (formula (47), p. 29). But as this work is not widely known it seemed to me desirable to derive the result in the frame of pre sentation of the theory given here. Waller has applied his formula to the special case of a monatomic cubic crystal and shown th a t for the neigh bourhood of a point of the reciprocal lattice ( equal to a multiple of the first term of the bracket in (2*24) can be expressed with the help of the elastic constants of the crystal. This method has been independently used by Miss Sarginson (1941) in our P art II and by Jahn (1941 a, 6) for explaining the observations made by Lonsdale & Smith of the diffuse scattering by cubic crystals. Subsequent observations of the diffuse scattering by the soft, elastically anisotropic cubic crystals of sodium and lithium have pro vided a much more rigorous confirmation of the formula (Lonsdale & Smith 19416) . I wish to show here th a t these results can easily be generalized for any crystal lattice.
In the neighbourhood of qa = 0 or any equivalent poin need to consider only the acoustical branches (see end of § 1) = 1,2,3; for these the e°k{q) are independent of k, say ej(q), and satisfy the equations
Each element is a quadratic form of the components of the vector This formula reduces in the case of a cubic crystal to th at used by Jahn and Sarginson.
D etermination of the dynamical matrix from T H E O B S E R V A T IO N O F S C A T T E R IN G
The following considerations are perhaps at present not of practical importance, but of great principal interest. They are concerned with the possibility of solving the inverse problem:
Assume that, by measuring the scattering power, it would be possible to obtain numerical values for the matrix S(q). Then the dynamical matrix D(q) follows from (2-22),
D(q) = iJ f(S (q )),(3-1)
where ^ is the inverse function of (J). Two questions have to be considered: (1) how to determine S(q) from measurements of the intensity and (2) how to expand the inverse function if of (j) into powers of its argument. (1) In the quadric (2-20) representing the intensity, the variables wa(q) and the coefficients Sa/3(q) depend on q\ but the latter are periodic in the reciprocal lattice while the u'a(q) are not. Taking a set of n equivalent points, i.e. such th at their qa values differ by multiples of 2n. the Saj3(q) have the same values for these, but not the wa(q). The latter are known functions of qa given by (2T 9) and have therefore known values in the n points. Hence the number n of the equivalent points can be chosen in such a way th a t the measurement of in these points supplies as many equations of the form (2-20) as there are unknown values Sap(q). This can be done for any point in the basis cell of the reciprocal lattice. The $a/?(g) can therefore be considered as functions which are in principle accessible to empirical determination.
/o\ t> kT , no (ho) \ 2 (2) Putting -= y, ft2 = -j = x, (3-2)
then (2T 4) becomes
and if x -f(y) is the inverse function, then
The inverse of (3* 3) can be expanded into a series of powers of y~x, namely,
The an satisfy a linear recursive formula (see Appendix II). Now (3-5) is explicitly given by the expansion
The harmonic force coefficients are obtained by reversing (2-5),
Summarizing the result it can be said th at: A sufficiently thorough photo metric survey of a properly selected set of background photographs is in principle equivalent to an experimental determination of the harmonic terms of the potential energy of interaction between all the particles of a lattice. The background photographs determine the dynamics of the lattice in the same way as the Laue-Bragg photographs the geometry of the lattice. The incoherent scattering with change of frequency (T l), (1-2) was predicted by theory (Smekal 1923; Heisenberg & Kramers 1925; Born, Heisenberg & Jordan 1926) before the experimental discovery of Ram an & Krishnan (1928) and of Landsberg & Mandelstam (1928) of this effect for vibrating molecules. The expression 'Ram an effect' is therefore generally and properly used for this special case, and I shall use it here in the same sense. This effect is not contained in the formulae of P a rt I (and of § 2 of this paper), but, according to Placzek, it can easily be accounted for by con sidering the polarizability as function of the atomic displacements, as indicated in (1*4), (P 5). However, it is necessary to discuss the assumption on which these formulae rest.
The polarizability of an atom in a crystal will in general be represented not by a scalar but by a tensor; and even if this reduces for zero tem perature to a scalar, owing to the high symmetry of the lattice, it will become a tensor for finite temperature in virtue of the vibrations. B ut this tensor can be split into a completely symmetrical part, equivalent to a scalar (represented by a diagonal matrix) and a rest which is a tensor without trace (vanishing diagonal sum). This separation is always performed for the discussion of the optical Raman effect, and it is shown th a t the two parts differ with respect to scattering in the following way: The symmetric p art does not change the state of polarization of the incident light, while the traceless p art produces depolarization.
In the c.ase of X-rays we are not interested in polarization effects. Therefore it will be permitted to omit the traceless part and consider the polarizability as a scalar. This leads to the formula (1*5), and there is no difficulty in generalizing the theory of P art I by introducing the additional terms in the formulae and performing the necessary calculations. B ut these can be almost completely avoided by a trick suggested to me by Miss Sarginson. Instead of (1*5), write
which for small ufc is approximately the same expression. The exponential function in (4-1) can now be combined with th a t in (1*4) and the whole change in the calculation consists in replacing (K -K') .u & by the complex expression
If the system is a lattice one has instead of the index the set (k, l) = (k lx l213) and fl = /fc exp I" 2 . , 4 (4-2)
As there is no mutual deformation of the atoms for a translation of the whole system the exponent must vanish if all U*. are equal; hence 2 Pi*' = 0-(4*3)
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The formula I (2*19) has now to be modified by replacing the term i( K -K ') .u l in the exponent by i 2 Wkk' • U*'> where All the following calculations in P art I are unchanged apart from replacing by Aj k, and this holds also for the final formulae 1 (2*41). In the equivalent expressions of the present paper ££l appears only in (2* to be replaced by
If now the same operations are performed as in §2, the formula (2*20) is again obtained with a modified definition of the wa(q); instead of (2*19) one has
The additional imaginary term is periodic in q. In order to estimate its influence on the scattering the coupling coefficients ought to be known. They could be obtained, in principle, from observa tions of the ordinary Raman effect of molecules built of the same atoms, or by theoretical calculations. But a t present there is nothing known about them. One can, however, consider the question how the new terms behave in the neighbourhood of points qa = 2nKa («a integer) of the reciprocal lattice, i.e. for directions of the scattered beam near to a Laue spot. E x panding (4*6) with respect to the distance -from a lattice point one gets All terms apart from the first one vanish for the Laue spot, qa Therefore the influence of the additional terms depends on the magnitude of 2 Pl-fc' compared with th a t of the aperiodic term which for qa -> 2nKx approaches a finite value 2nGk{bxK). Now it is obvious th a t (3^ vanishes for a pair of equal atoms ( k ,0 ) and vector by the mutual influence of two equal particles. J For different atoms, however, this is possible (e.g. a vector from the smaller to the larger one) and (3^' may be different from zero. I t follows th a t for monatomic lattices the m utual deformation of the atoms has no effect on the scattering, while for polyatomic lattices such an effect may exist.
If the pwere known all considerations of the previous section on the determination of the dynamical m atrix from the observation of background scattering would be still valid. 
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Using the last formula (II. 8) this can be written 
